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THE STRONG Mα-INTEGRAL OF BANACH-VALUED
FUNCTIONS
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Abstract. In this paper, we define the strong Mα-integral of Banach-
valued functions and investigate some properties of the strong Mα-
integral.

1. Introduction and preliminaries

It is well-known [12] that a function f : [a, b] → X is Mα-integrable
on [a, b] if and only if there exists an ACGα function F such that F ′ = f
almost everywhere on [a, b].

In this paper, we define the strong Mα-integral of Banach-valued
functions and prove that a Banach-valued function f is strongly Mα-
integrable on [a, b] if and only if there exists a strong ACα function F
such that F ′ = f almost everywhere on [a, b].

Throughout this paper, I0 = [a, b] is a compact interval in R and X
is a Banach space. Let D be a finte collection of interval-point pairs
{(ξi, Ii)}n

i=1, where {Ii}n
i=1 are non-overlapping subintervals of I0, and

let δ be a positive function on I0, i.e. δ : I0 → R+. We say that
D = {(ξi, Ii)}n

i=1 is
(1) a partial tagged partition of I0 if ∪n

i=1Ii ⊂ I0,
(2) a tagged partition of I0 if ∪n

i=1Ii = I0,
(3) a δ-fine McShane partition of I0 if Ii ⊂ (ξi − δ(ξi), ξi + δ(ξi) and

ξi ∈ Ii for all i = 1, 2, ..., n,

Received September 26, 2012; Accepted October 10, 2012.
2010 Mathematics Subject Classification: Primary 26A39.
Key words and phrases: strong Mα-integral, strong ACα function.
Correspondence should be addressed to Byung Moo Kim, bmkim6@hanmail.net.
This research was supported by a grant from the Academic Research Program of

Korea National University of Transportation in 2012.



764 Jae Myung Park, Byung Moo Kim, Young Kuk Kim, and Hoe Kyoung Lee

(4) a δ-fine Mα-partition of I0 for a constant α > 0 if it is a δ-fine
McShane partition of I0 and satisfying the

n∑

i=1

dist(Ii, ξi) < α,

where dist(Ii, ξi) = inf{|t− ξi| : t ∈ ξi},
(5) a δ-fine Henstock partition of I0 if ξi ∈ Ii ⊂ (ξi − δ(ξi), ξi + δ(ξi)

for all i = 1, 2, ..., n.

2. The strong Mα-integral

The strong Henstock integral and strong McShane integral are defined
in [13].

Definition 2.1. [14] A function f : I0 → X is strongly Henstock
integrable on I0 if there is an additive function F on I0 such that for
every ε > 0 there exists a gauge δ on I0 such that

n∑

i=1

||f(ti)µ(Ii)− F (Ii)|| < ε

for every δ−fine Henstock partition {(ti, Ii), i = 1, 2, ..., n} of I0.

Definition 2.2. [14] A function f : I0 → X is strongly McShane
integrable on I0 if there is an additive function F on I0 such that for
every ε > 0 there exists a gauge δ on I0 such that

n∑

i=1

||f(ti)µ(Ii)− F (Ii)|| < ε

for every δ−fine McShane partition {(ti, Ii), i = 1, 2, ..., n} of I0.

Now we define the strong Mα-integral.

Definition 2.3. A function f : I0 → X is strongly Mα-integrable
on I0 if there is an additive function F on I0 such that for every ε > 0
there exists a gauge δ on I0 such that

n∑

i=1

||f(ti)µ(Ii)− F (Ii)|| < ε

for every δ−fine Mα-partition {(ti, Ii), i = 1, 2, ..., n} of I0.
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Since every Henstock partition is an Mα-partition and every Mα-
partition is a McShane partition, we can easily get the following theorem.

Theorem 2.4. Let f : I0 → X be a function.
(a) If f is strongly McShane integrable on I0, then f is strongly Mα-

integrable on I0.
(b) If f is strongly Mα-integrable on I0, then f is strongly Henstock-

integrable on I0.

Theorem 2.5. If f : I0 → X is strongly Mα-integrable on I0 with
the primitive F , then f is Mα-integrable on I0 and (Mα)

∫
I0

f = F (I0).

Proof. The result follows easily fron the inequality
∣∣∣
∣∣∣

n∑

i=1

f(ti)µ(Ii)− F (I0)
∣∣∣
∣∣∣ =

∣∣∣
∣∣∣

n∑

i=1

[f(ti)µ(Ii)− F (Ii)]
∣∣∣
∣∣∣

≤
n∑

i=1

∣∣∣
∣∣∣f(ti)µ(Ii)− F (Ii)

∣∣∣
∣∣∣

for every Mα-partition {(ti, Ii), i = 1, 2, ..., n} of I0. ¤

Definition 2.6. A function F : I0 → X is strongly differentiable at
c ∈ I0 if there is a w ∈ X such that for every ε > 0 there exists η > 0
such that ∣∣∣

∣∣∣F (y)− F (x)
y − x

− w
∣∣∣
∣∣∣ < ε

for every interval [x, y] ⊂ (c − η, c + η) ∩ I0. We denote w = F ′
st(c) the

strong derivative of F at c.

Theorem 2.7. If F is strongly differentiable on I0, then F ′
st is strongly

Mα-integrable on I0 and
∫
I0

F ′
st = F (I0).

Proof. Let ε > 0. For each x ∈ I0, use the strong differentiability
at x to choose δ(x) > 0 so that u, v ∈ I0 ∩

(
x − δ(x), x + δ(x)

)
implies

||F (v)− F (u)− F ′
st(x)(v − u)|| < ε|v − u|.

Suppose that D =
(
xi, [ui, vi]

)
is a δ-fine Mα-partition of I0. Then∑

i

∣∣∣∣F ′
st(xi)(vi − ui)− [F (vi)− F (ui)]

∣∣∣∣ <
∑

i ε(vi − ui) = εµ(I0).
Hence, F ′

st is strongly Mα-integrable on I0 and
∫

I0

F ′
st = F (I0).

¤
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Definition 2.8. Let F : I0 → X and let E be a subset of I0. Then
F is strongly ACα on E if for each ε > 0 there is a constant η > 0 and
a gauge δ : I0 → R+ such that

∑

i

∣∣∣∣F (Ii)
∣∣∣∣ < ε

for every δ-fine Mα-partial partition D = {(ξi, Ii)} of I0 satisfying ξi ∈ E
and

∑
i µ(Ii) < η.

We can show that a function f : I0 → X is strongly Mα-integrable on
I0 if and only if there exists a strong ACα function F such that F ′ = f
almost everywhere on I0.

Theorem 2.9. If a function f : I0 → X is strongly Mα-integrable
on I0 with the primitive F , then F is strongly ACα on I0 and F ′ = f
almost everywhere on I0.

Proof. Suppose that f is strongly Mα-integrable on I0 with the primi-
tive F . Since f is strongly Henstock integrable on I0, F ′(t) = f(t) almost
everywhere by [14, Theorem 7.4.2].

To show that F is strongly ACα on I0, let ε > 0. Since f is strongly
Mα-integrable on I0, there exists a gauge δ on I0 such that

q∑

i=1

∣∣∣
∣∣∣f(ti)(vi − ui)− [F (vi)− F (ui)]

∣∣∣
∣∣∣ < ε

for every δ-fine Mα-partition {(ti, [ui, vi]), i = 1, 2, ..., q} of I0. By [14,
Theorem 7.4.3], f is continuous on I0. Hence, there exists a real number
K > 0 such that ||f(t)|| ≤ K for all t ∈ I0. Let η = ε

K+1 . Suppoe
that D = {(ξi, [αj , βj ]), j = 1, 2, ..., p} is a δ-fine Mα-partition of I0 with∑p

j=1(βj−αj) < η. Let β = α−∑p
j=1 dist

(
ξi, [αj , βj ]

)
. Then the closure

I0 − ∪p
j=1[αj , βj ] cosists of a finite number of disjoint closed subintervals

Ik ⊂ I0 (1 ≤ k ≤ n).
Taking any δ-fine M β

n
-partition Dk of Ik, D∪[∪n

k=1Dk] = {(τl, [cl, dl]),
l = 1, 2, ..., p + n} is a δ-fine Mα-partition of I0. Then

p∑

j=1

∣∣∣∣F (βj)− F (αj)− f(ξj)(βj − αj)
∣∣∣∣

≤
p+n∑

l=1

∣∣∣∣F (dl)− F (cl)− f(τl)(dl − cl)
∣∣∣∣ < ε
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and

p∑

j=1

∣∣∣∣F (βj)− F (αj)
∣∣∣∣

≤
p∑

j=1

∣∣∣∣F (βj)− F (αj)− f(ξj)(βj − αj)
∣∣∣∣ +

p∑

j=1

||f(ξj)||(βj − αj)

≤ ε + K

p∑

j=1

(βj − αj)

< ε + Kη

< ε + ε = 2ε.

Hence, F is strongly ACα on I0. ¤

Theorem 2.10. Let F : I0 → X is strongly ACα on I0 and F ′ = f
almost everywhere on I0, then f is strongly Mα-integrable on I0.

Proof. Suppose that F is strongly ACα on I0 and F ′ = f almost
everywhere on I0. Let E be the set of points t at which F ′(t) 6= f(t).
Then µ(E) = 0.

For each t ∈ I0−E, given ε > 0 there is a δ(t) > 0 such that whenever
t ∈ [u, v] ⊂ (

t− δ(t), t + δ(t)
)

we have

||F ([u, v])− f(t)(v − u)|| < ε(v − u).

For each j ∈ N , let Ej = {t ∈ E : j − 1 ≤ ||f(t)|| < j}. Then {Ej} is
a collection of pairwise disjoint measurable sets and ∪∞j=1Ej = E. Since
F is strongly ACα on I0, F is also strongly ACα on Ej . Hence, there is
a ηj < ε2−j

j such that for any δ-fine Mα-partial partition {(tk, Ik)} of I0

satisfying tk ∈ Ej and
∑

k µ(Ik) < ηj , we have

∑

k

||F (Ik)|| < ε2−j .

For each j ∈ N , choose an open set Gj such that µ(Gj) < ηj and
Ej ⊂ Gj .
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Now for t ∈ Ej (j = 1, 2, ...), put δ(t) > 0 such that (t − δ(t), t +
δ(t)) ⊂ Gj . Taking any δ-fine Mα-partition {tl, [ul, vl])} of I0, we have
∑

l

∣∣∣∣f(tl)(vl − ul)− F ([ul, vl])
∣∣∣∣

=
∑

tl /∈E

∣∣∣∣f(tl)(vl − ul)− F ([ul, vl])
∣∣∣∣ +

∑

tl∈E

∣∣∣∣f(tl)(vl − ul)− F ([ul, vl])
∣∣∣∣

≤
∑

j

∑

tl /∈Ej

∣∣∣∣f(tl)(vl − ul)− F ([ul, vl])
∣∣∣∣ +

∑

j

∑

tl∈Ej

||f(tl)||(vl − ul)

+
∑

j

∑

tl∈Ej

∣∣∣∣F ([ul, vl])
∣∣∣∣

< εµ(I0) +
∑

j

jηj +
∑

j

ε2−j

< εµ(I0) + 2ε.

This shows that f is strongly Mα-integrable on I0 and
∫
I0

f = F (I0). ¤
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